Module:3 (CH-7)

7.5 The Heat Conduction Problem

We consider s homogeneous mod of length I The rod is sufbsiently thin
s0 that the heat is distributed squally over the oross section ab time £,
The surface of the rod is insulsted, and therefore, thers is oo heat loss
through the boundary. The temperature distribotion of the rod is given by
the solution of the initisl bowndary-value problem

Ug = knipy, OZxali, &3>0
w0, t] =0, x>0
u €] = 0, =0 [T.5.1)
gz 0] = flz], O0<=z=<l.

I we szsume a sclution in the lborm
T, ) = X ()T () o 0.

Equation {7.5.1) vields

AT = EX"T.
Thus, we b
X &T '

whers o iz o positive congtant. Henee, X and T muast satisfy

X" +a*X =0, (71.5.2)
T+ a kT = 0. (T.5.3)

From the boundsary conditions, we have
u 0] = X [OVT (¢) =0, il t] =X ()T (&) = 0.
Thuas,

X0 =0, X(=0,



for an arbitrary funetion T [¢). Hence, we must salve the sigensalue problem

X"+ a®X =0,
X0 =0, X =0

The sclation of equation [7.5.2) is
X [z] = A cosor + Beinaz.
Since X (0) = 0, A = 0. To sacisfy the second condition, we hve
X (] = Hain ol = 0.
Since B = 0 yields & trivial sclution, we muast have 5 & 0 and hence,
sin el = 0,
Thus,

a= Br n=-123..

Substituting these sigenwmlues, we have
Xaix) = Bnsin |:$:|

Next| we consider equation (7.5.3), namely,

T+ a7 =0,
the salution of which is

T () = Ce—ak
Substituting o = [nr /) we have

T (t) = Cpe "

Henee, the nontrivial salution of the heat equation which sarishes the two
boundary conditions is

o (2, 8] = X ()T (8] = e ™" i [22) 0 nm28.

wheres @ = BaCy is an arbitrary constant.
By the principle of superposition, we obtain o formal series solation ss

=
I:":""-: t] -Euﬂ I:Ilt]:
m=1

=
- .‘E';.E...'E_.:nﬂ-llr:.:ir li.Tl. I:?:I : T.E‘.'il'
m=



which satisfies the initial condition if
Tz
ulz, 0] = fix] —“E-:h.,u:lnlII ; :|

This holds tnae if f{z] con be represented by o Fourier sine series with
Fourier coeflicients

Henei

= o T 3 3
uzt] =% [; |'II.: Firlsin ("T'}drl e-inm ke gy (#} (7.5.8)

m=1

iz the formal series solution of the hear conduction problem.

Ezample 7.5.1. (n) Suppose the initial temperature distribution is f{z] -
z (i — z]. Then, from equation [7.5.5), == have

i :
I:I"-n:_'l.'!: :|1-1:3||:I|....
Thus, the solution is
; "-BI'E - 1 —in= 0 ke . T
Uiz, t] - jjl E ?e ::|:r|.|: N :l
- m=LX5%...

ik} Suppose the temperature ot one end of the rod is held constant, chat
is,
i , t] = g, ¢ =0
The problem here is
by o= kbize, O<zSl £330,
wlf] =0, w(le) =, (
ufz, 0] = fix), 0Tl

=4
Ln
=1

Uiz, £] = viT, )+ %.

Substitution of u (=, ] in equations (7.5.7)] vields

U= ko, DTl =0

w0 t) =0, w(i,t] =0,
piz, Q)= fixr)— % 0« r i

Henee, with the knowledge of salution (7.5.8], we obtain the salutbion

“':I.?:'—i [—fj:(f[r:-— U:T]:ini”? :|.;r_ e —ime il ke I-'H;TI:I

n=1L
ﬂ#ﬁ . [T5.8)



Theorem T.6.1. {U'nigueneza Theorem) Let uiz, t] b a condinuousiy
differemtiable function. ff u(z, ] satisfier the diferensial equation

e = ktyy, O0<r<i, t>0
the inifial conditions
uir, 0= flx), O0<z<l]
anrd the beundary conditions
w0 d) = 0, wil# =0 ¢2>0
therm, the solution iz unigue.

FProof Buppose that there are two distinet solutions uy [z, ) and ug [T, 2).
Let

UiT, ) = gz, f] —ug [T, ¢).

Then,
LI o L 0« £ =0,
wil, t) =0, ol =0 t2>0 [T.68.3)
vir,d) =0, 0<z<l,

Consider the function defined by the integral

i
J(t] = % J|'; v dr.

Diferentiating with respect to ¢ we have

i
1
Tt) = —fur.l-_-u'_'r—jr T Ly
ks o

by wvirtue of equation [7.6.3). Integracing by parts, we have
of i

IIII oo dl - ||:ll'.l_-]|r:I - J|r vl dr.

40 a

Sinee v (0, 4] = o (L] =0

() ——fuzd’: 0,
D

From the condition v [r, 0] = 0 we have J(0] = 0. This condition and
JUe) 2 O implies that J(t) is & nonnerensing function of €0 Thus,



Jity =< 0.
But by definition of X[},
Jig) == 0.

J(t) =0, fore >
Since v [z, t] is continwous, J[f] = 0 implies
uiz,t) =0

m0< < ¢>0 Therefore, u) = w and the salution is unigue.

Note: solve question 15 all pawrty fromv
exercise



