Module : 2
chapter 7

7.2 The Vibrating String Problem

Az s Arst example, we shall consider the problem of & vibrating string, of
constant tension T* and density g with &8 = T/ a stretched along the =-
axis from 0 to || Bxed sk it end points. We have seen in Chapter § that the
problem is given by

b — el = 0, Dzl  t=0, (7.5.1)
w0 = fix), O<xei, {7.5.2)
uy (5 0) = gi=], 0l (7.5.3)
w0, ) =10, £ 0, [7.5.4)

wl, ) =0, £ 0, (T.5.5)



whers f and g sre the initial displacement and initial velooity respectively.
By the method of separstion of varisbles, we pssnmme o solution in the
form

u T, f) =X ()T (&) - 0. [T.58.6)
I we substitute squation (7.3.8] ioto equation (7.5.1), we obtain
XT" = 2 X°T,
nnd bence,
XxXT 171"
T oET
whepsver XT o 0L Since the left side of equation (7.8.7] is independent of
¢ and the right side is independent of ©, we mast have

(T.8.7)

X© 11
_-__-_:ll

X o= T '
whers A is & seporstion constant, Thus,

X" —3X =10, [T.5.5)
T — 3T =1, (7.5.9)

We now separste the boundary conditioms, From equations (7.8.4) and
(7.5.8], we obtain

w0, t) = X (0] T [£] =0.
We know that T (2) & O for all sslues of ¢, therefore,
X (0] = 0. (7.E1O)
In o similar manper, boundary condition (7.3.5] implies
Xl =0 (7T.E1L)

To determine X [x) we first solve the eigenvslue problem (eipepvalae
problems are slso trested in Chaprer 8)

X" —3X =0, X(0j=0, X{j=0 (7.8.12)

We look for values of A which gives us pontrivial soludions. We consider
thres possible cases

Ao, A=0, A<,

Cage §. A = 0. The genemml solution in this case is of the form



X () = Ae—¥3= 4 gevRE

where A snd B are arbitrary constants. To sstisfy the boundsry conditions,
we st haove

A+B=0, A g™ i7.3.13)

We ses that the determinsnt of the system (7.3.13) is different from zero.,

Consequently, A and 8 must both be zero, and henee, the genersl salution
X [x) is identically zero. The solution is trivial and henee, is no ioterest.
Cage 2. A =0, Here, the general solution s

X(z] =A + Bz,
Applying the boundary conditions, we have
A =0, A+ Bi=0D

Henee A = 8 = 0. The sohition is thus identically zero.
Cage & A < 0. In this case the general solution assumes the form

X (z] = Acos+'—AT + Bsiny/ A=z

From the condition X (0) = 0, we obtain A = 0. The condition X () =0
Eives

Hein /=& =0,
H 5 =0 the solution is trivial. For nontrivial sobations, § » 0 henee,
sin /= A0 = 0,
This squation is satisfied when

VAl =mr  for n=1235, ...,

— A = (i) (TE14)

For this infinite set of diserete walues of A, the problem has & nontrivial

salution. These walues of Ay are called the sigenvaiues of the problem, and
the functions
gin(mm i) T, n=123....

are the corresponding sigenfunctione.
We pobe that it is not necessary to consider pegative vahies of @ osines

gin [—n) 7/l = —sinnrzfl



No new solution is chtained in this way
The solutions of problems [7.412) sre, chersfones,

Xolz) = Bysin (nmr/i) . (7.8.15)

For & = Ay, the general solution of equation (7.23.0] may be written in
the form

e . wiTe frp \
T,.[:]—E',.-:tul:T]t+.E'.-.mnl:T:|t, (7.3.16)

whers 7 and I, sre srbitrary constanis.
Thus, the unctions
tim (T, 8] = X (T Tom (€)= |:.:ﬁ cas g: + by st Te] - |”‘J£:| (7.3.17)
satisfy equation (7.5.1) and the boundory condidions (7.5.4) and (7.5.5),
where g = By Oy ond by = S 0.
Since squation (7.3.1] iz linear snd homogeneous, by the superposition
principle, the infnice seties

=
uix,t) = 3 [ anoos Tt + Busin Tt sin [ | (7.518)
n=1L

ig also o solution, provided it comerges and is twice contimwously differ
eratinble with respect to r and 4. Sinee each term of the series sstisfes
the boundary conditions [7.5.4) snd (7.45], the series satislies thess condi-
tions. There remain two more initisl condidions to be sadisfhed. From these
conditions, we shall detemmines the constants o, and B, .

First we diferentiste the seriss (7.5 16] with respect to ¢ We have

iﬁT': |:r....:||.11.—|!-|--b.... =_:] f“:"]. (7.5.13)

Then applyving the initinl conditions (7.5.2] and (7.5.5), == obtnin

u iz, n.-f\:--Eaﬁam[":"}, (7.3.200
m=1
= MiTs s T %
u,.:::l:u:.__q[::._Ea-n[ — ) |: =) (7.8.21)
n=L

These equarions will be satisfed if f{r) and g(r) coan be representsd by
Fourier sine series, The coeficients are given by

an—%)ll:f[.r:-ui.n E:p:f E-n—i g [x) 5|.n|"—ll|-:|'

nTe s
(7.8.22ab)

Note: Solve question 1,2 and 3 of exercise



Ezample T.5.1. The Plucked String of length !

s s specisl case of the problem just trested, consider s stoetched string
bAx=d at both ends. Suppose the string is raised to o height A ot T = a
and then released. The string will oscillate freely. The initinl conditions, as

shown in Figure 7.5.2, may b= written

hrfa, 0<z<a
wlr ] = flz] =
Afl—xz)/{l—a), asz <l

Sinee g(z) =0 the coefidents b, are dentically equal to zera, The cosfh-
ciepts an, according to equation [7.3.22a), are given by
-f

Jllu fiz]sin [?}.ﬁ

e F ; 2 [hil—
[ (20 2 [ AU (o
Jgp =4 o i dg =) i

Integration snd simplification vields

%]
A
i

el -l B

dyy =

2h 1 . I.'n.'nI
:rE-:[r—-:]F“nJ_]'

Thus, the displacement of the pludesd string is

5) = sy 1 e () e (T ) e (5F) ¢

Erample 7.5 E The strusk string of length |
Here, we consider the siring with no initisl displacement. Let the string
be stnack of © = @ so0 that the inital velosity is given by

Ar, R
g [z, 0] = ;

w(l—x)/il—a), a<r<i

Since u (z, 0] = 0, we hove gy = 0. By applying equation [7.3.22b), == find
that

g L [J—.:'] -.
*‘“'ﬁ}i? ’f—J'rJ T—a)" in (= ar

. iml’E]
Peafl —a)j w4 LS

Henee, the displacement of the struck string is

=

. L 1 mTay | STETE REC
H[I:Ell—mz oF {J—:I!I:ID':J—:IWI'II—IIE‘



Theorem T.4.2. {Dniguenesa Theorem) There enets af most one so-
{udion of the ware eyuation

Mg = Ooligy, O<z<i, t=0,
matigfping the inilic! conditions
u(z,0) = fir), welr,0)=g(z), D<=zl
ard the boundary conditions
wild)m 0, wilt]=0 ¢>0

where u(z, ¢ i g toize continsonny differensiabls fanction with respest to
both T and £,



Fropf 3upposs that thers are two solutions vy and g snd let o = g —wu.
It cen resdily be seen that wix, #] is the solution of the problem

LITPRE. o O« zal, =0
(i, €)= 0, t >0,
o[l t) = 0, >0
uix,0) =0, 0= '_I'

v (1,0 = 0, 0<x=<l

We shall prove that the function »ix, ¢) is identically zera. To do oso,
congider the energy inbegral

I
E(t) =3 J|r (P02 + v?) dr (7.4.10)
1]

which physically represents che total energy of the vibrating string st Gme
-4

Sinee the hanction wz, €] is twice continuously diferentisble, we differ-
eatinte £ (#) with respect to f, Thus,

dE !
ﬁ'}r (e, + Uy ) d2. (7.4.11}%
(=]

Integrating the first iotegral in (7.4.11) by parcs, we have
- ! [

I||I E'EI:I: Ui T == [e’r:, Ve| —J||' e’u: Ve,
Jo o

But from the condition v (L] = 0 we have v (0, f] = 0, and similachy,
my [, €] =0 for £ = !, Henoe, the excpression in the square bracdkets vamishes,
and equation (7.4.11) becomes

i
dE ;
—— J|" ve [tap — e by ) dT (7.4.12)
at a

Since v — Cvge = 0, equation [7.4.12) reduces to

dE
p————
gt

which means
E[#] = constant =

Since v [z, 0] = 0 we hove oo (1, 0) = 0 Taking into nocount the condi-
cion wy [z 0] = 0 we evahuste O to obtsin

.ls.'nn:u]-lf'-—Jlr [ +0f],_ dzr =0

This implies that £ () = 0 which can happen only when v = 0 and oy =10
for ¢ = 0. To sstisfy both of thess conditions, we must hove o (Tt =
constant. Emploving the condition o [z, 0] = 0, we then find o (x ¢) = 0.
Therefors, wy (z, 8] = wz (T, ) and the solution u{z, £) is wnigue.



